This paper is devoted to a unified approach to trajectory tracking control of nonholonomic port-controlled Hamiltonian systems via generalized canonical transformations. The basic strategy of this approach is to construct an error system, which describes the dynamics of the tracking error, by a passive port-controlled Hamiltonian system. This technique works for both holonomic and nonholonomic port-controlled Hamiltonian systems. A practical design procedure to derive global tracking controllers for those systems is proposed. This method is a natural extension of the conventional passivity based control.
Introduction
Port-controlled Hamiltonian systems were introduced as generalization of conventional Hamiltonian systems [13, 17] in order to describe electro-mechanical systems, nonholonomic systems and their combinations as well as conventional mechanical systems. For those systems, several control methods were proposed so far, because of their applicability to a wide class of physical systems. The authors introduced generalized canonical transformations for port-controlled Hamiltonian systems [6] as a generalization of wellknown canonical transformations, which are widely used for analysis of the dynamics of mechanical systems in classical mechanics. A generalized canonical transformation is a set of coordinate and feedback transformations preserving the structure of port-controlled Hamiltonian systems. Stabilization of port-controlled Hamiltonian systems can be achieved by modifying the physical energy of the plant system via this transformation, e.g. [6, 7, 5] .
Although there are many results on trajectory tracking control of conventional mechanical systems, e.g. in [2, 16] , trajectory tracking control problem for port-controlled Hamiltonian systems is a new research topic recently investigated. The key idea of our former result [4] is to construct an error system, which describes the dynamics of the tracking error, by another port-controlled Hamiltonian system. Then asymptotic stabilization of the error system yields a tracking control system. This is performed by constructing a Hamiltonian function of the closed-loop port-controlled Hamiltonian system using the physical energy of the plant system via generalized canonical transformations. Consequently, the derived tracking controller is different from those designed by the exiting techniques such as computed torque approach. A useful sufficient condition for constructing the error system was given, but practical design procedures were obtained only for conventional holonomic systems.
On the other hand, tracking control of nonholonomic (driftless) systems has been an attractive topic for several years, see e.g. [9, 10, 12] . In general the tracking control methods for nonholonomic systems adopt special strategies rather than those for conventional holonomic systems. Also we need to employ derivatives of the controllers for driftless systems by backstepping technique in order to obtain controllers for the systems in dynamic formulation, such as Hamiltonian systems, which often derives complicated controllers. In this paper we propose a unified approach to trajectory tracking control of both holonomic and nonholonomic Hamiltonian systems via passivity based control.
The remainder of the paper is organized as follows. Section 2 refers to some preliminary results on generalized canonical transformations and the framework for trajectory tracking control based on them. Section 3 is devoted to the main result of this paper, trajectory tracking control of nonholonomic Hamiltonian systems. Section 4 gives a numerical example of a rolling coin to exhibit the effectiveness of the proposed method. Finally Section 5 concludes the paper.
Preliminaries

Generalized canonical transformations and stabilization
A time-varying port-controlled Hamiltonian system with a Hamiltonian H(x, t) is a system of the form
with u, y ∈ R m , x ∈ R n , a symmetric semi-positive definite matrix R(x, t) = R(x, t) T ≥ 0, and a skew symmetric matrix J(x, t) = −J(x, t)
T [6] . All functions are supposed to be sufficiently smooth.
It is shown in [6] that if the Hamiltonian function H(x, t) has lower bound and ∂H(x, t)/∂t ≤ 0 holds then the system (1) is passive. Moreover if the system is periodic and zero-state detectable then a simple feedback u = −C(x, t) y with C(x, t) ≥ εI > 0 renders the system asymptotically stable. The following stabilization procedure is based on this simple (passivity based) approach.
A generalized canonical transformation [6] is a set of transformations
which preserves the structure of port-controlled Hamiltonian systems described in (1) , that is, the transformed system has the form
wherex,H,ȳ andū denote the new state, the new Hamiltonian, the new output and the new input, respectively. This transformation can be seen as in Figure 1 from the input-output point of view. The generalized canonical transformation is a natural generalization of a canonical transformation which is widely used for the analysis of conventional Hamiltonian systems in classical mechanics. The properties of such transformations are summarized as follows. For any functions U (x, t) ∈ R and β(x, t) ∈ R m , there exists a pair of functions Φ(x, t) ∈ R n and α(x, t) ∈ R m such that the set (2) yields a generalized canonical transformation. A function Φ yields a generalized canonical transformation if and only if a partial differential equation (PDE)
holds with a skew-symmetric matrix K(x, t) ∈ R n×n and a symmetric matrix S(x, t) ∈ R n×n satisfying R + S ≥ 0. Further the change of output α and the matricesJ,R andḡ are given by
(ii) If the system (1) is transformed by the generalized canonical transformation with U , β and S such that H + U ≥ 0, then the new input-output mappingū →ȳ is passive with the storage functionH if and only if
(iii) Suppose moreover that (7) holds, that H + U is positive definite. Then the feedback u = −β − C(x, t)(y + α) with C(x, t) ≥ εI > 0 ∈ R m×m renders the system stable. Suppose moreover that H + U is decrescent, and the transformed system is periodic. Then the feedback renders the system uniformly asymptotically stable.
Using the generalized canonical transformation, we can change the property of the system without changing the intrinsic passive property and stabilize it based on passivity based approach (in Part (iii)). See [6, 4] for the detail.
Remark 1 In Theorem 1, Part (i) gives a condition for preserving the form of portcontrolled Hamiltonian systems, where the functions U and β are free parameters. After those functions are determined, the coordinate transformationx = Φ(x, t) can be obtained by solving the partial differential equation (4) . Further, the matrices K and S are the parameter matrices assigning the new structure and dissipation matricesJ andR as in (6) . In Part (ii), Condition (7) guarantees the passivity property of the transformed system ∂H(x, t)/∂t ≤ 0. Part (iii) is an application of the passivity based stabilizing control u = −C(x, t)y, C(x, t) ≥ εI > 0 to the transformed passive system.
Trajectory tracking control
This subsection refers to the basic framework of trajectory tracking control [4] . The main strategy adopted here is to convert a trajectory tracking problem into a stabilization one. More precisely, we assume that the desired trajectory of the state x(t) is given by x d (t) and that it is realizable, that is, there exists an input u d (t) such thaṫ
The objective is to achieve
using full state measurement. For convenience, let us define the corresponding desired output y d by
In order to attain the objective (9), an error system is introduced. A system described byẋ = f (x, u, t),
with a smooth function φ : R n → R n is said to be an error system of (1) with respect to the desired trajectory
holds for all u.
From the definition of the error system, asymptotic stability of the error system achieves the tracking control (9) of the original system 1 . We show a procedure to realize an error system of a given port-controlled Hamiltonian system (1) by another passive port-controlled Hamiltonian system via the generalized canonical transformation, namely, we try to find a generalized canonical transformation in such a way that the transformed port-controlled Hamiltonian system 2 (3) satisfies (12). Then we can achieve the tracking control via the stabilization technique in Theorem 1 (iii).
In order to obtain a passive error system (satisfying (12)), we need to solve the partial differential equations (4) and (7) with a constraint
In order to obtain the above relation, we adopt a strategy to assign the change of output
because, if this holds then
and this is clearly a necessary condition for our objective. (See also Figure 1 .) Our claim here is that if we construct a passive port-controlled Hamiltonian system with α as in (14) and if the state trajectory x(t) of the original system (1) can be distinguished by x 0 and y(t) = y(t) + α(x, t) in the sense that
then the constructed port-controlled Hamiltonian system is an error system of the original one (1).
1 If the uniformly bounded property of the coordinate transformation is satisfied, that is, there exist class K functions λ 1 and λ 2 satisfying λ 1 ( x ) ≤ x − x d ≤ λ 2 ( x ) for all t, then the asymptotic stabilization of the error system (11) directly implies the tracking control (9) of the original system. 2 The corresponding error system (11) is constructed by the port-controlled Hamiltonian system (3) with the feedbackū = u + β(x, t).
Theorem 2 [4]
Consider a port-controlled Hamiltonian system (1) and transform it by a generalized canonical transformation satisfying (7) and (14) . Suppose that the assumption (15) holds and that U (x, t) and
for ∀x ∈ R n and ∀t ∈ [0, ∞). Then the transformed system is an error system of the original one (1).
The condition (16) is quite a natural requirement since it suggests that the new Hamiltonian function is positive semi-definite with respect to the tracking error. This theorem allows one to construct an error system in a port-controlled Hamiltonian system form (with the constraint (13)) without solving the PDE (4). After obtaining an error system in a port-controlled Hamiltonian form, we can stabilize it asymptotically based on the passivity based approach relatively easily compared with trajectory tracking control of general nonlinear systems. However, in designing a tracking controller in reality, we need to solve the PDE (4) though its explicit solutions were so far available only for holonomic systems [4] .
Main results
This section discusses trajectory tracking control of nonholonomic port-controlled Hamiltonian systems. It was shown in [14, 17] that the dynamics of a conventional mechanical system having no potential energy with a class of nonholonomic constraints, which is linear in the velocity of the configuration state, can be described by a port-controlled Hamiltonian system of the form
where q ∈ R l , p, u ∈ R m , l > m and x = (q, p) with a Hamiltonian
The functions M (q) , M (q) −1 , J 12 (q and J 22 (q, p) are supposed to be bounded uniformly for q ∈ Q and p ∈ P with certain sets Q ⊂ R l and P ⊂ R m .
Here we also suppose that J 12 (q) has a generalized multiple chained form described by
where I ∈ R n 0 ×n 0 is the identity matrix, n 0 = m − k, l = k i=0 n i , and 1 ≤ m 1 ≤ . . . ≤ m k = n 0 . See e.g. [1] for examples of multiple chained systems. Note that the conventional multiple chained form can be obtained when n 0 = 1, and each subsystem with respect to the states q m i and q n 0 +...+n i−1 +1 , . . . , q n 0 +...+n i has a single chained form. Most of (mechanical) Hamiltonian systems with first order nonholonomic constraints can be locally represented by this equation. Further, the interconnection, e.g. via ports, of conventional Hamiltonian systems and nonholonomic systems are naturally described by this formulation as well. How to convert a given nonholonomic Hamiltonian system into its canonical form as above is discussed in [5, 3] .
For convenience, let us define the state of each subsystem as
. . , k) and the set of linearly controllable states aŝ
Then we obtain a simple relation
Next, a class of realizable desired trajectories for (17) is specified. Let (q d (t), p d (t)) be the realizable desired trajectory of (q, p). Furthermore, let us define the desired state of q 0 , q i andq as
. . , k), respectively. Then, from (8) and (10), we obtain a simple relation
which implies that p d (t) is uniquely determined by q d (t). The realizability condition (8) is equivalent to (20) and the relationṡ
That is, the desired state 
Modification of the kinetic energy
This subsection constructs the error system which describes the dynamics of the tracking error q − q d (t) by modifying the kinetic energy of the original system. As in (14) , the basic strategy taken here is to assign
in order to let the new output function be the tracking error as
For the system (17) with this output, the condition (15) holds. Hence Theorem 2 implies that, if we would obtain a generalized canonical transformation with a function U (x) satisfying (16), then the resultant Hamiltonian system would become an error system of the original. The following Lemma gives such a function U (x) satisfying the condition (16) and, furthermore, explicit solutions of the PDE (4) are obtained.
Lemma 1 Consider the nonholonomic Hamiltonian system (17) with the Hamiltonian H(q, p) in (18) and the structure matrix in (19). Suppose a desired trajectory q d ∈ L l ∞e [0, ∞) satisfying (21) of the configuration state q is given. Then a generalized canonical transformation
with the parameters K = S = 0 and a coordinate transformation
converts the system (17) into an error system described by a port-controlled Hamiltonian system with a Hamiltonian function
Proof First of all, we modify the Hamiltonian function according to (22) as
The gradient of those functions are
Here the ∂(H + U )(q, p, t)/∂q part of the second equation is calculated as follows
The second equality in the above equation holds due to the fact that ∂(p Tqd )/∂q ≡ 0 holds. The last equation implies the ∂(H + U )/∂q part of (25). Hence the passivity preserving condition (7) reduces to
It can be observed that β given in (22) satisfies the above condition. Next we solve another PDE (4) for the coordinate transformation described by
Substituting the function Φ(q, t) in (22) for this equation, this equation reduces to a form
Since the explicit description the function Θ is not needed to construct the tracking controller and its existence is guaranteed by Theorem 2, we concentrate on how to obtain the function Ψ in what follows. Then the Ψ part of above equation becomes
Let us calculate the left hand side of this equation using (23) as
where the last equation is derived from
This implies (27) , that is,q = Ψ(q, t) given in (23) yields the generalized canonical transformation corresponding to U and β in (22).
It is obvious that the condition (16) holds. Furthermore, the condition (14) and the distinguishability condition (15) clearly hold. Therefore, Theorem 2 concludes that the resultant port-controlled Hamiltonian system is an error system of (17) . This completes the proof. 
Hence the asymptotic stabilization inq coordinate directly implies the trajectory tracking control in q coordinate.
Remark 2
The function Θ(q, p, t) ∈ R m in the generalized canonical transformation (22) in Lemma 1 is a solution of the PDE (26) with a condition det(∂Θ/∂p) = 0. Although we do not obtain the explicit description of Θ, it does not cause any problem in the following synthesis procedure. The final tracking controller does not need the expression of Θ indeed. Furthermore, if we want to get an explicit description of Θ, another choice of β function asū
enables us to obtain an explicit description of Θ as
, and the following synthesis procedure works well also for this choice. However, in this case, we need to calculate M (q) 1 2 which often becomes complicated.
Trajectory tracking control
In the previous subsection, we have obtained the error system of (17) of the form
with the Hamiltonian functionH in (24
, where Θ p = ∂Θ/∂p and Θ q = ∂Θ/∂q. This subsection exhibits how to stabilize this error system in order to obtain the trajectory tracking control of the original (17) . In order to let the Hamiltonian function positive definite with respect to the tracking error, we add a (positive definite) virtual potential energyŪ (q) to the Hamiltonian, i.e., the new Hamiltonian functionH is assigned to bē
Since the nonholonomic Hamiltonian system (17) has a form similar to the conventional mechanical Hamiltonian system, this can be readily executed by a feedback
which is a generalized canonical transformation. Then the dynamics of the system with the input-output mappingū →ȳ is also described by a port-controlled Hamiltonian system with the Hamiltonian (30). The following theorem proves that the objective is achieved under certain technical assumptions, even when the desired trajectory q d is not periodic, by a simple feedback injecting dissipation
Theorem 3 Consider the nonholonomic Hamiltonian system (17) with the Hamiltonian (18), the structure matrix (19), a desired trajectory q d ∈ L l ∞e [0, ∞) satisfying (21), and the proper positive definite functionŪ (q) satisfying
Assume (34), and (36) is reduced tȱ
where the first relation is from
Furthermore, by Barbalat's lemma, see e.g. [11] , we obtaiṅ
which implies that the first implication in (35) with (37). The second implication in (35) is shown. For the boundedness of J 12 (q d ) and the shape of the Hamiltonian functionH in (24), J 12 (q) is also bounded. Hencė
holds from (34). Furthermore, from the PDE (27),
The vectors T i j i , i = 1, 2, . . . , k are described as Consider a coin rolling on a horizontal plane as depicted in Figure 2 . Let X-Y denote the Cartesian coordinate of the contact point of the coin on the plane. Letq 1 be the heading angle of the coin, and (q 2 ,q 3 ) be the position of the coin on X-Y plane. Furthermore, let p 1 be the angular velocity with respect to the heading angleq 1 ,p 2 be the rolling angular velocity of the coin,ũ 1 andũ 2 be the acceleration with respect top 1 andp 2 , respectively. In order to describe the coin system by a chained form, assign the new variables q, p and u using the following transformation [15, 5] .
Note that this transformation causes no singular points. Finally let all the parameters unity for simplicity, then this system is depicted by a nonholonomic Hamiltonian system of the form (17) with
and l = 3, m = 2, n 0 = k = m 1 = 1 and n 1 = 2. We choose the desired periodic trajectory satisfying (21) as The tracking error q − q d of the resulting feedback system is depicted in Figure 4 , where the solid, the broken and the chain lines denote q 1 −q Figure 5 denotes the time evolution of the Hamiltonian functionH compared with that of the original H. The solid line denotes the response of the closed-loop Hamiltonian functionH, and the broken line denotes that of 33.3% of the original Hamiltonian, i.e., H/3, since H becomes much bigger thanH. This figure shows that the Lyapunov-like function which is positive definite with respect to tracking errorH converges to zero smoothly while the original energy function H is raised to a certain level in order to track the desired trajectory.
These figures illustrate the effectiveness of the proposed method. 
Conclusion
This paper has developed a trajectory tracking control method for port-controlled Hamiltonian systems with nonholonomic constraints. It employs a unified passivity based control approach using generalized canonical transformations. First, we have derived an error system of a nonholonomic Hamiltonian system via a generalized canonical transformation. Then we have shown that the trajectory tracking control is achieved under a certain technical conditions on the desired trajectory. Finally, the simulation result of the rolling coin system has exhibited the effectiveness of the proposed method. 
